Using the fact that the neutrino mixing matrix U = U † e U ν , where U e and U ν result from the diagonalisation of the charged lepton and neutrino mass matrices, we analyse the sum rules which the Dirac phase δ present in U satisfies when U ν has a form dictated by flavour symmetries and U e has a "minimal" form (in terms of angles and phases it contains) that can provide the requisite corrections to U ν , so that reactor, atmospheric and solar neutrino mixing angles θ 13 , θ 23 and θ 12 have values compatible with the current data. The following symmetry forms are considered: i) tri-bimaximal (TBM), ii) bimaximal (BM) (or corresponding to the conservation of the lepton charge L = L e − L µ − L τ (LC)), iii) golden ratio type A (GRA), iv) golden ratio type B (GRB), and v) hexagonal (HG). We investigate the predictions for δ in the cases of TBM, BM (LC), GRA, GRB and HG forms using the exact and the leading order sum rules for cos δ proposed in the literature, taking into account also the uncertainties in the measured values of sin 2 θ 12 , sin 2 θ 23 and sin 2 θ 13 . This allows us, in particular, to assess the accuracy of the predictions for cos δ based on the leading order sum rules and its dependence on the values of the indicated neutrino mixing parameters when the latter are varied in their respective 3σ experimentally allowed ranges.
Introduction
One of the major goals of the future experimental studies in neutrino physics is the searches for CP violation (CPV) effects in neutrino oscillations (see, e.g., [1, 2] ). It is part of a more general and ambitious program of research aiming to determine the status of the CP symmetry in the lepton sector.
In the case of the reference 3-neutrino mixing scheme 1 , CPV effects in the flavour neutrino oscillations, i.e., a difference between the probabilities of ν l → ν l andν l →ν l oscillations in vacuum [3, 4] , P (ν l → ν l ) and P (ν l →ν l ), l = l = e, µ, τ , can be caused, as is well known, by the Dirac phase present in the Pontecorvo, Maki, Nakagawa and Sakata (PMNS) neutrino mixing matrix U PMNS ≡ U . If the neutrinos with definite masses ν i , i = 1, 2, 3, are Majorana particles, the 3-neutrino mixing matrix contains two additional Majorana CPV phases [4] . However, the flavour neutrino oscillation probabilities P (ν l → ν l ) and P (ν l →ν l ), l, l = e, µ, τ , do not depend on the Majorana phases 2 [4, 8] . Our interest in the CPV phases present in the neutrino mixing matrix is stimulated also by the intriguing possibility that the Dirac phase and/or the Majorana phases in U PMNS can provide the CP violation necessary for the generation of the observed baryon asymmetry of the Universe [9, 10] .
In the standard parametrisation [1] of the PMNS matrix we are going to employ in our further discussion, U PMNS is expressed in terms of the solar, atmospheric and reactor neutrino mixing angles θ 12 , θ 23 and θ 13 , respectively, and the Dirac and Majorana CPV phases, as follows:
2 , e 
where α 21, 31 are the two Majorana CPV phases and V is a CKM-like matrix, 
In eq. (2), δ is the Dirac CPV phase, 0 ≤ δ ≤ 2π, we have used the standard notation c ij = cos θ ij , s ij = sin θ ij , and 0 ≤ θ ij ≤ π/2. If CP invariance holds, we have δ = 0, π, 2π, the values 0 and 2π being physically indistinguishable. The existing neutrino oscillation data allow us to determine the neutrino mixing parameters sin 2 θ 12 , sin 2 θ 23 and sin 2 θ 13 , which are relevant for our further analysis, with a relatively good precision [11, 12] . The best fit values and the 3σ allowed ranges of sin 2 θ 12 , sin 2 θ 23 and sin 2 θ 13 , found in the global analysis in ref. [11] read:
(sin 2 θ 12 ) BF = 0.308, 0.259 ≤ sin 2 θ 12 ≤ 0.359 , 
(sin 2 θ 13 ) BF = 0.0234 (0.0240) , 0.0176 (0.0178) ≤ sin 2 θ 13 ≤ 0.0295 (0.0298) ,
1 All compelling data on neutrino masses, mixing and oscillations are compatible with the existence of mixing of three light neutrinos νi, i = 1, 2, 3, with masses mi ∼ < 1 eV in the weak charged lepton current (see, e.g., [1] ). 2 The Majorana phases can play important role, e.g., in |∆L| = 2 processes like neutrinoless double beta ((ββ)0ν -) decay (A, Z) → (A, Z + 2) + e − + e − , L being the total lepton charge, in which the Majorana nature of massive neutrinos νi, if any, manifests itself (see, e.g., [5] [6] [7] ).
where the values (values in brackets) correspond to neutrino mass spectrum with normal ordering (inverted ordering) (see, e.g., [1] ), denoted further as NO (IO) spectrum.
In the present article we will be concerned with the predictions for the Dirac phase δ and will not discuss the Majorana phases in what follows. More specifically, we will be interested in the predictions for the Dirac CPV phase δ which are based on the so-called "sum rules" [13] [14] [15] (see also, e.g., [16] [17] [18] [19] ). The sum rules of interest appear in an approach aiming at quantitative understaning of the pattern of neutrino mixing on the basis of symmetry considerations. In this approach one exploits the fact that, up to perturbative corrections, the PMNS matrix has an approximate form, U ν , which can be dictated by symmetries. The matrix U ν is assumed to originate from the diagonalisation of the neutrino Majorana mass term. The angles in U ν have specific symmetry values which differ, in general, from the experimentally determined values of the PMNS angles θ 12 , θ 13 and θ 23 , and thus need to be corrected. The requisite perturbative corrections, which modify the values of the angles in U ν to coincide with the measured values of θ 12 , θ 13 and θ 23 , are provided by the matrix U e arising from the diagonalisation of the charged lepton mass matrix, U = U † e U ν . In the sum rules we will analyse in detail in the present article the Dirac phase δ is expressed, in general, in terms of the mixing angles θ 12 , θ 13 and θ 23 of the PMNS matrix U and the angles present in U ν , whose values are fixed, being dictated by an underlying approximate symmetry of the lepton sector (see, e.g., [17] ).
The Sum Rules
In the framework of the reference 3 flavour neutrino mixing we will consider, the PMNS neutrino mixing matrix is always given by
where U e and U ν are 3×3 unitary matrices originating from the diagonalisation of the charged lepton and the neutrino (Majorana) mass terms. As we have already indicated, we will suppose in what follows that U ν has a form which is dictated by symmetries. More specifically, we will assume that
where R 23 (θ ν 23 ) and R 12 (θ ν 12 ) are orthogonal matrices describing rotations in the 2-3 and 1-2 planes, respectively, and Ψ 1 and Q 0 are diagonal phase matrices each containg two phases. Obviously, the phases in the matix Q 0 give contribution to the Majorana phases in the PMNS matrix. In the present article we will consider the following symmetry forms of the matrix U ν : i) tri-bimaximal (TBM) [20] , ii) bimaximal (BM), or due to a symmetry corresponding to the conservation of the lepton charge L = L e − L µ − L τ (LC) [21, 22] , iii) golden ratio type A (GRA) form [23, 24] , iv) golden ratio type B (GRB) form [25] , and v) hexagonal (HG) form [26] . In all these cases we have θ ν 23 = −π/4 and the matrixŨ ν is given bỹ
where 
The phase α in the matrix P 1 is unphysical (it can be absorbed in the τ lepton field). The phase β contributes to the matrix of physical Majorana phases, which now is equal toQ = Q 1 Q 0 . The PMNS matrix takes the form:
where θ ν 12 has a fixed value which depends on the symmetry form ofŨ ν used. Using eq. (18) we get for the angles θ 12 , θ 23 and θ 13 of the standard parametrisation of the PMNS matrix U [13] :
utilised by us and in [15] is discussed in Appendix A.
This implies that in the leading order approximation adopted in ref. [15] we have [14] cos δ = cos φ. Note, however, that the sum rules for cos δ and cos φ given in eqs. (31) and (32) , differ somewhat by the factors multiplying the terms ∼ sin θ 13 .
As was shown in [14] , the leading order sum rule (29) leads in the cases of TBM, GRA, GRB and HG forms ofŨ ν to largely imprecise predictions for the value of cos δ: for the best fit values of sin 2 θ 12 = 0.308, sin 2 θ 13 = 0.0234 and sin 2 θ 23 = 0.425 used in [14] , they differ approximately by factors (1.4 -1.9) from the values found from the exact sum rule. The same result holds for cos φ. Moreover, the predicted values of cos δ and cos φ differ approximately by factors of (1.5 -2.0), in contrast to the prediction cos δ ∼ = cos φ following from the leading order sum rules. The large differences between the results for cos δ and cos φ, obtained using the leading order and the exact sum rules, are a consequence [14] of the quantitative importance of the next-to-leading order terms which are neglected in the leading order sum rules (29) - (34) . The next-to-leading order terms are significant for the TBM, GRA, GRB and HG forms ofŨ ν because in all these cases the "dominant" terms |θ 12 
It was shown also in [14] that in the case of BM (LC) form ofŨ ν we have |θ 12 − θ ν 12 | ∼ sin θ 13 and the leading order sum rules provide rather precise predictions for cos δ and cos φ.
The results quoted above were obtained in [14] for the best fit values of the neutrino mixing parameters sin 2 θ 12 , sin 2 θ 23 and sin 2 θ 13 . In the present article we investigate in detail the predictions for cos δ and cos φ in the cases of TBM, BM (LC), GRA, GRB and HG forms ofŨ ν using the exact sum rules given in eqs. (23) (or (22) ) and (24) and the leading order sum rules in eqs. (31) and (32), taking into account also the uncertainties in the measured values of sin 2 θ 12 , sin 2 θ 23 and sin 2 θ 13 . This allows us to better assess the accuracy of the predictions for cos δ and cos φ based on the leading order sum rules and its dependence on the values of neutrino mixing angles. We investigate also how the predictions for cos δ and cos φ, obtained using the exact and the leading order sum rules, vary when the PMNS neutrino mixing parameters sin 2 θ 12 , sin 2 θ 23 and sin 2 θ 13 are varied in their respective experimentally allowed 3σ ranges.
In what follows we will present numerical results using the values of sin 2 θ 12 , sin 2 θ 23 and sin 2 θ 13 quoted in eqs. (3) - (5) and corresponding to the NO spectrum of neutrino masses. The results we obtain in the case of IO spectrum differ insignificantly from those found for the NO spectrum. The case of negligible θ e 23 ∼ = 0 was investigated by many authors (see, e.g., [15, 16, 19, 29, 30, 36, 37, 41] ). It corresponds to a large number of theories and models of charged lepton and neutrino mass generation (see, e.g., [16, [29] [30] [31] [32] [33] ). For θ e 23 ∼ = 0, the sum rules of interest given in eqs. (23) (or (22)), (24) and in eqs. (31), (32) were analysed in detail in ref. [14] .
In the limit of negligibly small θ e 23 we find from eqs. (14), (16) and (17):
The phase ω is unphysical.
5 Note that [14] since cos δ and cos φ in eqs. (29) - (34) are mutiplied by sin θ13, the "dominant" terms |θ12 − θ ν 12 | and the next-to-leading order terms ∼ sin 2 θ13 give contributions to cos δ and cos φ, which are both of the same order and are ∼ sin θ13.
In the limiting case of negligible θ e 23 the exact sum rules for cos δ and cos φ take the following form [14] :
sin 2θ 12 sin θ 13 cos 2θ
From the above equations, to leading order in sin θ 13 we get:
cos φ = 1 sin 2θ ν 12 sin θ 13
or equivalently,
The last two equations coincide with eqs. (31) and (32) which were derived from the exact sum rules keeping the leading order corrections in both sin θ 13 and sin θ e 23 . This implies, in particular, that the correction due to | sin θ e 23 | 1 appears in the sum rules of interest only in the next-to-leading order terms. Casting the results obtained in a form we are going to use in our numerical analysis we obtain:
We have replaced sin 2θ 12 with sin 2θ ν 12 in eq. (43), so that it corresponds to eqs. (29) and (30) . In the cases of the TBM, GRA, GRB and HG symmetry forms ofŨ ν we are considering and for the best fit value of sin 2 θ 12 = 0.308 we indeed have | sin θ 12 − sin θ ν 12 | ∼ sin 2 θ 13 . Thus, if one applies consistently the approximations employed in [15] , which lead to eqs. (29) -(34) (or to eqs. (38) and (39)), one should neglect also the difference between θ 12 and θ ν 12 . This leads to cos δ = cos φ = 0.
In Fig. 1 we show predictions for cos δ and cos φ in the cases of TBM, GRA, GRB and HG forms of the matrixŨ ν , as functions of sin θ 13 which is varied in the 3σ interval given in eq. (5) and corresponding to NO neutrino mass spectrum. The predictions are obtained for the best fit value of sin 2 θ 12 = 0.308 using the exact sum rules (36) and (37) for cos δ (solid lines) and cos φ (dashed lines) and the leading order sum rules (43) and (44) (dash-dotted lines). As we see in Fig. 1 , the predictions for cos δ vary in magnitude and sign when one varies the symmetry form ofŨ ν . More specifically, from the exact sum rule in eq. (36), using the best The unphysical value of cos δ in the case of the BM (LC) form ofŨ ν is a reflection of the fact that the scheme under discussion with BM (LC) form of the matrixŨ ν does not provide a good description of the current data on θ 12 , θ 23 and θ 13 [13] . One gets a physical result for cos δ, cos δ = −0.973, for, e.g., values of sin 2 θ 12 = 0.32, and sin θ 13 = 0.16, lying in the 2σ experimentally allowed intervals of these neutrino mixing parameters. We have checked that for the best fit value of sin 2 θ 13 , physical values of (cos δ) E , (cos δ) LO and (cos φ) E in the BM (LC) case can be obtained for relatively large values of sin 2 θ 12 . For, e.g., sin 2 θ 12 = 0.359 and sin 2 θ 13 = 0.0234 we find (cos δ) E = −0.915, (cos δ) LO = −0.998 and (cos φ) E = −0.922. In this case the differences between the exact and leading order sum rule results for cos δ and cos φ are relatively small. The predicted values of cos δ and cos φ, obtained from the exact sum rules in eqs. (36) and (37), (cos δ) E and (cos φ) E , and from the leading order sum rule in eq. (43), (cos δ) LO = (cos φ) LO , using the best fit values of sin 2 θ 13 = 0.0234 and sin 2 θ 12 = 0.308, for the TBM, GRA, GRB and HG forms of the matrixŨ ν . The values of the ratios (cos δ) E /(cos δ) LO , (cos δ) E /(cos φ) E and (cos φ) E /(cos φ) LO are also shown.
The above results imply that it would be possible to distinguish between the different symmetry forms ofŨ ν considered by measuring cos δ [14] , provided sin 2 θ 12 is known with sufficiently high precision. Even determining the sign of cos δ will be sufficient to eliminate some of the possible symmetry forms ofŨ ν .
The leading order sum rules (43) and (44) lead to values of cos δ and cos φ, (cos δ) LO and (cos φ) LO , which coincide: (cos δ) LO = (cos φ) LO . These values differ, however, from the values obtained emploing the exact sum rules: (cos δ) E = (cos δ) LO , (cos φ) E = (cos φ) LO . The exact sum rule values of cos δ and cos φ also differ: (cos δ) E = (cos φ) E . We are interested both in the predictions for the values of (cos δ) E , (cos δ) LO , (cos φ) E and (cos φ) LO , and in the differences between the exact and the leading order sum rule predictions. In Table 1 we give the values of (cos δ) E , (cos φ) E , (cos δ) LO = (cos φ) LO , and of the ratios (cos δ) E /(cos φ) E , (cos δ) E /(cos δ) LO and (cos φ) E /(cos φ) LO , calculated for the best fit values of sin 2 θ 13 = 0.0234 and sin 2 θ 12 = 0.308. As Fig. 1 indicates, the differences |(cos δ) E − (cos δ) LO | and |(cos φ) E − (cos φ) LO | exhibit weak dependence on the value of sin θ 13 when it is varied in the 3σ interval quoted in eq. (5) . The values of cos δ, obtained using the exact sum rule (36) in the TBM, GRA, GRB and HG cases, differ from those calculated using the approximate sum rule (43) by the factors 0.638, 1.29, 0.756 and 1.15, respectively. The largest difference is found to hold in the TBM case. As was shown in [14] , the correction to (cos δ) LO -the leading order sum rule result for cos δ -is given approximately by cos 2θ ν 12 sin θ 13 . For given θ ν 12 , the relative magnitude of the correction depends on the magnitude of the ratio | sin 2 θ 12 − sin 2 θ ν 12 |/ sin θ 13 . The largest correction occurs for the symmetry form ofŨ ν , for which this ratio has the smallest value. For the best fit value of sin 2 θ 12 , the smallest value of the ratio of interest corresponds to the TBM form ofŨ ν and is equal approximately to 0.166.
The behavior of cos δ and cos φ when sin θ 13 increases is determined by the sign of (sin 2 θ 12 − sin 2 θ ν 12 ): cos δ and cos φ increase (decrease) when this difference is negative (positive). For the best fit value of sin 2 θ 12 = 0.308, this difference is negative in the TBM and GRB cases, while it is positive in the GRA and HG ones. For the four symmetry forms ofŨ ν , TBM, GRB, GRA and HG, and the best fit values of sin 2 θ 13 = 0.0234 and sin 2 θ 12 = 0.308, the ratio (sin 2 θ 12 − sin 2 θ ν 12 )/ sin θ 13 reads, respectively: (−0.166), (−0.245), 0.207 and 0.379. Given the fact that the magnitude of the ratio (sin 2 θ 12 − sin 2 θ ν 12 )/ sin θ 13 determines the factor by which (cos δ) E and (cos δ) LO (and (cos φ) E and (cos φ) LO ) differ, we have checked how the results described above change when sin 2 θ 12 is varied in its 3σ allowed region, eq. (3). In Figs. 2 and 3 we show the dependence of the predicted values of (cos δ) E , (cos φ) E and (cos δ) LO = (cos φ) LO on sin θ 13 for the minimal and maximal 3σ allowed values of sin 2 θ 12 , sin 2 θ 12 = 0.259 and 0.359. The results shown correspond to the TBM, GRA, GRB, HG forms ofŨ ν . For sin 2 θ 12 = 0.259 (sin 2 θ 12 = 0.359) and sin 2 θ 13 = 0.0234, the ratio (sin 2 θ 12 − sin 2 θ ν 12 )/ sin θ 13 in the TBM, GRA, GRB and HG cases takes respectively the values: (−0.486), (−0.114), (−0.565) and 0.059 (0.168, 0.540, 0.088 and 0.713). As in the preceding case, we give the predicted values of (cos δ) E , (cos φ) E , (cos δ) LO = (cos φ) LO , and the ratios between them, for sin 2 θ 12 = 0.259 (sin 2 θ 12 = 0.359) and sin 2 θ 13 = 0.0234 in Table 2 (Table 3) .
It follows from the results presented in Tables 1 -3 that the exact sum rule predictions of cos δ, (cos δ) E , for the three values of sin 2 θ 12 = 0.308, 0.259 and 0.359, differ drastically. For the TBM form ofŨ ν , for instance, we get, respectively, the values: (cos δ) E = (−0.114), (−0.469) and 0.221. For the GRA and GRB forms ofŨ ν we have, respectively, (cos δ) E = 0.289, (−0.044), 0.609, and (cos δ) E = (−0.200), (−0.559), 0.138. Similarly, for the HG form we find for the three values of sin 2 θ 12 : (cos δ) E = 0.476, 0.153, 0.789. Thus, in the cases of the symmetry forms ofŨ ν considered, the exact sum rule predictions for cos δ not only change significantly in magnitude when sin 2 θ 12 is varied in its 3σ allowed range, but also the sign of Table 2 : The same as in Table 1 , but for sin 2 θ 12 = 0.259. cos δ changes (see Fig. 4 ). We observe also that for sin 2 θ 12 = 0.259, the values of cos δ, obtained using the exact sum rule eq. (36) in the TBM, GRA, GRB and HG cases differ from those calculated using the leading order sum rule in eq. (43) difference holds for the TBM and GRB forms.
As Figs. 1 -3 and Tables 1 -3 show, similar results are valid for cos φ obtained from the exact and the leading order sum rules.
It is worth noting also that the values of cos φ and cos δ, derived from the respective exact sum rules differ significantly for the TBM, GRA, GRB and HG forms ofŨ ν considered. As pointed out in [14] , for the best fit values of sin 2 θ 13 and sin 2 θ 12 they differ by factors (1.5 -2.0), as can be seen also from (24)). The dash-dotted line in each of the 4 panels represents (cos δ) LO = (cos φ) LO obtained from the leading order sum rule in eq. (30) (eq. (33)). The vertical dash-dotted line corresponds to the best fit value of sin 2 θ 13 = 0.0234; the three colored vertical bands indicate the 1σ, 2σ and 3σ experimentally allowed ranges of sin θ 13 (see text for further details). and sign) from the exact sum rule values of cos δ corresponding to the best fit value and the 3σ upper bound of sin 2 θ 12 = 0.308 and 0.359. The dependence of (cos δ) E , (cos δ) LO and (cos φ) E on sin 2 θ 12 under discussion is shown graphically in Fig. 8 . Further, for sin 2 θ 12 = 0.259, the ratio (cos δ) E /(cos δ) LO in the TBM, GRA, GRB and HG cases reads, respectively, 0.744, 0.172, 0.769 and 2.32 (see Table 5 ). Thus, the predictions for cos δ of the exact and the leading order sum rules differ by the factors of 5.8 and 2.3 in the GRA and HG cases. For the upper bound of the 3σ range of sin 2 θ 12 = 0.359, the ratio (cos δ) E /(cos δ) LO takes the values 1.2, 0.996, 1.46 and 0.969 for the TBM, GRA, GRB and HG forms ofŨ ν , respectively (see Table 6 ). For the GRA and HG symmetry forms, the leading order sum rule prediction for cos δ is very close to the exact sum rule prediction, which can also be seen in Fig. 7 .
We will investigate next the dependence of the predictions for cos δ and cos φ on the value Table 4 :
The predicted values of cos δ and cos φ, obtained from the exact sum rules in eqs. (23) and (24), (cos δ) E and (cos φ) E , and from the leading order sum rule in eq. (30) (eq. (33)), (cos δ) LO = (cos φ) LO , using the best fit values of sin 2 θ 13 = 0.0234, sin 2 θ 12 = 0.308 and sin 2 θ 23 = 0.437, for the TBM, GRA, GRB and HG forms of the matrixŨ ν . The values of the ratios (cos δ) E /(cos δ) LO , (cos δ) E /(cos φ) E and (cos φ) E /(cos φ) LO are also shown.
of θ 23 given the facts that i) sin 2 θ 23 is determined experimentally with a relatively large uncertainty, and ii) in contrast to the leading order sum rule predictions for cos δ and cos φ, the exact sum rule predictions depend on θ 23 . In Figs. 9 and 10 we show the dependence of predictions for cos δ and cos φ on sin θ 13 for the best fit value of sin 2 θ 12 = 0.308 and the 3σ lower and upper bounds of sin 2 θ 23 = 0.374 and 0.626, respectively. For sin 2 θ 23 = 0.374 (0.626) and the best fit values of sin 2 θ 13 and sin 2 θ 12 , the exact and the leading order sum rule results (cos δ) E , (cos φ) E , (cos δ) LO = (cos φ) LO and their ratios are given in Tables  7 and 8 . Comparing the values of (cos δ) E quoted in Tables 7 and 8 with the values given in Table 4 we note that the exact sum rule predictions for cos δ for sin 2 θ 23 = 0.374 (lower 3σ bound) and sin 2 θ 23 = 0.437 (best fit value) do not differ significantly in the cases of the TBM, GRA, GRB and HG forms ofŨ ν considered. However, the differences between the predictions for sin In what concerns the difference between the exact and leading order sum rules predictions for cos δ, for the best fit values of sin 2 θ 13 and sin 2 θ 12 , and for sin 2 θ 23 = 0.374, the ratio (cos δ) E /(cos δ) LO = 0.345, 1.17, 0.494 and 0.993 for TBM, GRA, GRB and HG forms ofŨ ν . For sin 2 θ 23 = 0.626 we have for the same ratio (cos δ) E /(cos δ) LO = 1.04, 1.52, 1.13 and 1.42. Thus, for sin 2 θ 23 = 0.374 (0.626), the leading order sum rule prediction for cos δ is rather precise in the HG (TBM) case. For the other symmetry forms ofŨ ν the leading order sum rule prediction for cos δ is largely incorrect. As can be seen from Figs 5 -10 and Tables 4 -8, we get similar results for cos φ.
In the case of the BM (LC) form ofŨ ν , physical values of (cos δ) E , (cos φ) E and (cos δ) LO can be obtained for the best fit values of sin 2 θ 13 and sin 2 θ 23 if sin 2 θ 12 has a relatively large value. For, e.g., sin 2 θ 12 = 0.359, sin 2 θ 13 = 0.0234 and sin 2 θ 23 = 0.437 we find (cos δ) E = −0.821, (cos δ) LO = −0.998, (cos φ) E = −0.837, and (cos δ) E /(cos δ) LO = 0.823. Table 5 : The same as in Table 4 , but for sin 2 θ 13 = 0.0234 (best fit value), sin 2 θ 12 = 0.259 (lower bound of the 3σ range) and sin 2 θ 23 = 0.437 (best fit value). 
Summary and Conclusions
Using the fact that the neutrino mixing matrix U = U † e U ν , where U e and U ν result from the diagonalisation of the charged lepton and neutrino mass matrices, we have analysed the sum rules which the Dirac phase δ present in U satisfies when U ν has a form dictated by flavour symmetries and U e has a "minimal" form (in terms of angles and phases it contains) that can provide the requisite corrections to U ν , so that the reactor, atmospheric and solar neutrino mixing angles θ 13 , θ 23 and θ 12 have values compatible with the current data.
We have considered the following symmetry forms of U ν : i) tri-bimaximal (TBM), ii) bimaximal (BM) (or corresponding to the conservation of the lepton charge L = L e −L µ −L τ (LC)), iii) golden ratio type A (GRA), iv) golden ratio type B (GRB), and v) hexagonal (HG). For all these symmetry forms U ν can be written as
) and R 12 (θ ν 12 ) are orthogonal matrices describing rotations in the 2-3 and 1-2 planes, respectively, and Ψ 1 and Q 0 are diagonal phase matrices each containg two phases. The phases in the matix Q 0 give contribution to the Majorana phases in the PMNS matrix. Table 7 : The same as in Table 4 , but for sin 2 θ 13 = 0.0234 (best fit value), sin 2 θ 12 = 0.308 (best fit value) and sin 2 θ 23 = 0.374 (lower bound of the 3σ range).
The symmetry forms ofŨ ν of interest, TBM, BM (LC), GRA, GRB and HG, are characterised by the same value of the angle θ ν 23 = −π/4, but correspond to different fixed values of the angle θ ν 12 and thus of sin 2 θ ν 12 , namely, to i) sin 2 θ ν 12 = 1/3 (TBM), ii) sin 2 θ ν 12 = 1/2 (BM (LC)), iii) sin 2 θ ν 12 = (2 + r) −1 ∼ = 0.276 (GRA), r being the golden ratio, r = (1 + that the neutrino mixing angles θ 13 , θ 23 and θ 12 have values compatible with the current data, including a possible sizable deviation of θ 23 from π/4, includes a product of two orthogonal matrices describing rotations in the 2-3 and 1-2 planes [13] , R 23 (θ e 23 ) and R 12 (θ e 12 ), θ e 23 and θ e 12 being two (real) angles. This leads to the parametrisation of the PMNS matrix U given in eq. (11) , which can be recast in the form [13] : U = R 12 (θ e 12 )Φ(φ)R 23 (θ 23 ) R 12 (θ ν 12 )Q, where Φ = diag 1, e iφ , 1 , φ being a CP violation phase,θ 23 is a function of θ e 23 (see eq. (14)), and
In this section we present the relations between the phases of the two different parametrisations of the PMNS matrix employed in [15] and [14] . Using the parametrisation used in [15] the PMNS matrix after setting θ e 13 = θ ν 13 = 0 reads:
where the subscripts 12 and 23 stand for the rotation plane, e.g., the matrix U 
and the others analogously. We can factorise the phases in the charged lepton and the neutrino sector in the following way: 
